T 0 b t dt 0. We establish one stability criterion for the linear damped oscillator x b t x a t x 0. Moreover, based on the computation of the corresponding Birkhoff normal forms, we present a sufficient condition for the stability of the equilibrium of the nonlinear damped oscillator x b t x a t x c t x 2n−1 e t, x 0, where n ≥ 2, c t is a continuous T -periodic function, e t, x is continuous T -periodic in t and dominated by the power x 2n in a neighborhood of x 0.
Introduction
This paper is motivated by the study of the Lyapunov stability of the equilibrium of the linear and nonlinear time-periodic differential equations, which is an interesting problem in the theory of ordinary differential equations and dynamical systems. The research on the stability of second-order linear differential equations goes back to the time of Lyapunov. Many theoretical results concerning this problem can be found in textbooks such as 1 . One famous stability criterion was given by Magnus Based on Lemma 2.1, in Section 2, we establish one new stability criterion for 1.1 under the following condition:
It is interesting to compare our new stability criterion with those in the literature. 
That is, the equilibrium x t 0 of swing 1.10 is stable if and only if its cubic approximation
is stable. After that, some researchers have extended the applications of such an analytical method, and some important stability results for several types of Lagrangian equations have been established, for example, see 21-23 and the references therein. We also refer the reader to 24 for its extension to the planar nonlinear system. We will extend such an analytical method to the nonlinear damped oscillator 1.8 . The proof is based on a careful computation of certain Birkhoff normal forms together with some stability results of fixed points of area-preserving maps in the plane. As an application, when condition A is satisfied, we present a quite complete Lyapunov's stability result for the equilibrium position of the pendulum of variable length with damping term
That is, the stability of its linearized equation implies the stability of the equilibrium of 1.12 .
Stability Criteria for Linear Damped Oscillator
Abstract and Applied Analysis be a fundamental matrix solution for the linear damped oscillator 1.1 , where φ 1 t and φ 2 t are real-valued solutions of 1.1 satisfying
It is easy to verify that F t detM t satisfies the following equation:
which implies that
in which we have used the fact
The Poincaré matrix of 1.1 is
Using the condition A and 2.4 , we have
The eigenvalues λ 1,2 of M T are called the Floquet multipliers of 1.1 . Obviously λ 1 · λ 2 1. Therefore we can distinguish 1.1 in the following three cases:
ii hyperbolic:
It is well-known that 1.1 is stable in the sense of Lyapunov if and only if 1.1 is elliptic or is parabolic with further property that all solutions of 1.1 are T -periodic solutions in case λ 1 λ 2 1 or 2T -periodic solutions in case λ 1 λ 2 −1. See, for example, 1, Theorem 7.2 .
In order to state our new stability criteria for 1.1 , we recall the following stability results for the planar Hamiltonian system 1.5 .
is stable if one of the following two conditions is satisfied:
where
2.10
where Γ · is the Gamma function of Euler. See [4] . 
2.12
Proof. The linear damped oscillator 1.1 is equivalent to the following planar system: 
is satisfied, where 
2.19
One may easily verify that 2.18 is just inequality 2.12 .
The following corollary is a direct result of Theorem 2.2. b t dt > 0, 1.1 and 1.8 will be dissipative, and therefore would be unstable for all t ∈ R but would be stable for t ≥ 0 . For our case T 0 b t dt 0, 1.1 becomes an conservative equation at t nT, n 1, 2, . . . , although 1.1 is dissipative at the other time t / nT. This fact play an important role in our analysis.
Corollary 2.3. Assume that (A) holds and

Stability of the Nonlinear Damped Oscillator
Assume that 1.1 is elliptic and the Floquet multipliers of 1.1 are λ and λ with λ exp iθ , where λ ∈ S 1 is one of the eigenvalues of M T and φ t φ 1 t iφ 2 t . In fact, Theorem 3.2 guarantees that 3.5 holds for the case of ellipticity |λ| 1, λ / ± 1, after a temporal transformation. When 1.1 is parabolic and stable, condition 3.5 is always satisfied, because all solutions of 1.1 are either T -periodic or 2T -periodic in this case.
The proof of the main results is based on the theory of stability of fixed points of areapreserving maps in the plane 17, 25 . Let F : Ω ⊂ C → C be an area-preserving map defined in an open neighborhood of the origin, and z 0 is a fixed point of F. It is assumed further that F is sufficiently smooth. For convenience, the complex notation F F z, z is used. 
Then there exists H H z, z , a real-valued homogeneous polynomial of degree m such that
Now we assume that F satisfies the conditions of Lemma 3.4 with m 2n, n ≥ 2. The polynomial H given by the lemma can be expressed in the form
where β ∈ R and α k ∈ C, k 0, . . . , n − 1.
Lemma 3.5 see 17, Proposition 3.2 . Assume that λ ∈ S 1 , F satisfies 3.7 with m 2n for some n ≥ 2, H is given by 3.8 , and one of the following conditions hold:
. . , n and β / 0;
1 for some p 1, . . . , n, and H # z, z / 0 for each z ∈ C − {0}, where
3.9
Then z 0 is stable with respect to F.
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Before stating our result, we present the following simple result on the linear inhomogeneous system:
which is a consequence of the formula of variation of constants together with 3.5 .
Lemma 3.6. Let x t be the solution of 3.10 with x 0 x 0 0. Assume that 3.5 is satisfied. Then one has
where F t is given by 2.4 .
Proof. Using the formula of variation of constants, one may easily see that
3.12
By easy computations, we obtain
3.13
Therefore,
3.14
The main result of this section reads as follows. 
Then the trivial solution of the nonlinear oscillator 1.8 is stable.
Proof. We prove the result assuming that condition 3.5 is satisfied. The result holds for the general case because we have Remark 3.3.
Let x t x t, z, z be the solution of the nonlinear system 1.8 with x 0 q and x 0 p, where z q ip. The theorem of differentiability with respect to initial conditions implies that
3.15
These two expansions are uniform in t ∈ 0, T . We look at the nonlinear oscillator 1. Since φ 1 t and φ 2 t are linearly independent solutions of 1.1 , we know that |φ t | / 0 for all t ∈ R.
Assume that condition H 1 holds and c t ≥ 0, Every stability criterion for the linear oscillator 1.1 together with the assumption H 2 produces a stability criterion for the nonlinear system 1.8 . For example, we have the following. Since a t is a positive T -periodic function, the result is now a direct consequence of Theorem 3.7.
Corollary 3.8. Assume that (A), (H 2 ) holds and
